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The effects of collisional processes in the hot QCD medium to thermal dilepton production from
qq annihilation in relativistic heavy-ion collisions have been investigated. The non-equilibrium
corrections to the momentum distribution function have been estimated within the framework of
ensemble-averaged diffusive Vlasov-Boltzmann equation, encoding the effects of collisional processes
and turbulent chromo-fields in the medium. The analysis has been done by considering the realistic
equation of state by employing a quasiparticle model for the thermal QCD medium. The contri-
butions from the 2 → 2 elastic scattering processes have been quantified for the thermal dilepton
production rate. We have showed that the collisional corrections induce appreciable enhancement
over the equilibrium dilepton spectra. A comparative study between collisional and anomalous con-
tributions to the dilepton production rates has also been explored. The collisional contributions are
seen to be marginal over that due to collisionless anomalous transport.
I. INTRODUCTION
Heavy-ion collision experiments at Relativistic Heavy
Ion Collider (RHIC), and at Large Hadron Collider
(LHC), CERN enable the creation of the strongly cou-
pled matter quark-gluon plasma (QGP) [1], which is as-
sumed to have existed in the very early universe a few
microseconds after Big-Bang [2]. In these experiments,
heavy nuclei are collided at ultrarelativistic energies to
produce an expanding hot fireball. After thermalization,
this fireball undergoes a phase transition from deconfined
quarks and gluons to hadrons with the decrease of tem-
perature. The evolution of QGP is successfully studied
within the framework of causal relativistic hydrodynam-
ics [3–7]. These studies, along with the experimental
observations, suggest the existence of strongly coupled
QGP with near-perfect fluid nature [8]. The momen-
tum anisotropy present during the entire duration of the
QGP expansion may induce instabilities to the chromo-
field equations. The instabilities in the rapidly expanding
medium can lead to the plasma turbulence in the heavy-
ion collisions [9, 10]. These give rise to the anomalous
transport in the medium. Anomalous transport coeffi-
cients due to the turbulent fields are well investigated in
the electromagnetic plasmas [11, 12] and hot QCD plas-
mas [10, 13, 14]. There have been several studies on the
collisional contributions to the transport parameters for
the hot QCD medium [15, 16]. The interplay of anoma-
lous and collisional corrections can be studied by ana-
lyzing the signals emitted from various phases of fireball
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expansion.
Thermal dileptons and photons are one of the most
efficient probes of QGP [17–21]. Since they interact
electromagnetically, these thermal radiations can reach
the detectors without being rescattered. These radia-
tions are emitted throughout the expansion of the fire-
ball with negligible final-state interactions and can carry
information about the hotter phases of the matter as well
as the initial conditions [22–24]. Moreover, in the cur-
rent analysis, we prefer dileptons over photons since these
are particles with non-zero invariant mass and can be
easily disentangled from various sources [25]. The dilep-
ton invariant mass spectrum has contributions from var-
ious processes throughout the evolution of fireball. The
high mass range (M > 3 GeV) has contributions from
hadronic processes from early times. The decays of vector
mesons have a considerable contribution in the low mass
range 0.6 < M < 1.1 GeV. For M < 0.2 GeV, we en-
counter the contribution of pion decays from the hadronic
phase. While thermal dileptons from QGP are prominent
in the intermediate-mass range, 0.2 < M < 2.5 GeV with
major contribution coming from the qq¯ annihilation pro-
cess [23, 26, 27].
The non-equilibrium effects on dilepton production
have been investigated, such as dissipative effects due
to shear viscosity [28–32]. The correction due to bulk
viscosity on dilepton production was introduced [29] and
studied too [30, 31, 33]. Recently some works have been
done to understand the effect of vorticity and magnetic
field in the thermal dilepton production [34–37]. In
Ref. [38], the effect of chromo-Weibel instability in the
dilepton production rate has been investigated. It will be
an interesting task to study the collisional contributions
to thermal dilepton production along with the anoma-
lous corrections. The first step towards this analysis is
the proper modelling of the near-equilibrium momentum
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2distribution functions for quarks and gluons while incor-
porating the effects of collisional aspects and anomalous
transport in the medium. This sets the motivation for
the present analysis.
The static dilepton production rate from qq¯ annihi-
lation in the presence of these corrections is obtained
from the relativistic kinetic theory. The total dilepton
yield depends on the temperature profile of the expand-
ing QGP. This is obtained from hydrodynamic mod-
elling by providing appropriate initial conditions and
realistic equation of state (EoS). It is crucial to note
that the role of EoS is important in analyzing the sig-
nals from QGP, such as thermal photons [39] and dilep-
tons [29]. Here, we employ an effective fugacity quasi-
particle model (EQPM) [40, 41] to incorporate the real-
istic EoS effects in the analysis. This model describes the
equilibrium distribution functions in terms of the effec-
tive gluon-fugacity, zg, and effective quark-fugacity, zq.
The fugacities zg,q encode all the interaction effects of the
hot QCD medium and is determined using realistic (2+1)
flavor lattice QCD EoS. This quasi-particle approach is
successful in studying several other non-equilibrium ef-
fects of the QGP medium such as the dilepton pro-
duction [31], momentum anisotropy [42–44] and trans-
port properties of the QGP medium [45, 46]. Note that
there are other quasiparticle models with temperature-
dependent effective mass [47–49], NJL and PNJL mod-
els [50] and effective description with Gribov-Zwanziger
quantization [51–53]. In the current analysis, the near-
equilibrium distribution functions are obtained as the
modification over these distributions induced by anoma-
lous and collisional processes within an effective trans-
port approach closely following Refs. [14, 54]. The dis-
tribution functions thus obtained have been employed to
study thermal dilepton spectra.
The paper is organized as follows. Section II is devoted
to the modelling of non-equilibrium phase-space momen-
tum distribution function while incorporating the effects
of collisional processes, and anomalous transport in the
QGP medium is described. In Section III, the thermal
dilepton production rates are computed in the presence
of collisional processes along with the turbulent fields.
Section IV deals with dilepton yields for an expanding
QGP in heavy-ion collisions. The results and followed
discussions are presented in section V, and finally, we
conclude the analysis with an outlook in section VI.
Notations and conventions: We are working in
units with kB = 1, c = 1, ~ = 1. The term uµ denotes the
fluid four-velocity and is normalized to unity uµuµ = 1.
In the fluid rest frame, uµ = (1, 0, 0, 0). The quantity
∆uµν =
1
2 (∇µuν +∇νuµ)− 13ηµν∇γuγ defines the trace-
less symmetric velocity gradient, with ηµν as the metric
tensor. For the boost invariant longitudinal Bjorken’s
flow, we have u = zτ and ∆uij =
1
3diag(−1,−1, 2), where
τ is the proper time.
II. MODIFIED QUARK (ANTIQUARK)
DISTRIBUTION FUNCTION
Here, a momentum anisotropic hot QCD medium is
considered, keeping the fact in mind that momentum
anisotropy may sustain in the latter stage of the colli-
sions. The momentum anisotropy may lead to chromo-
Weibel instability whose physics is captured in terms of
an effective diffusive Vlasov-Boltzmann term depicting
the anomalous transport in the hot QCD medium [10]. It
has been argued that the elastic collisional contributions
are negligible in the linear region as far as the viscosities
(shear and bulk) of the medium are concerned. The lin-
ear transport equation in the presence of turbulent color
fields with a collisional term where 2 → 2 elastic contri-
butions have been taken into account. The ansatz for
the momentum anisotropic /near-equilibrium distribu-
tion functions for gluonic and quark/anti-quark degrees
of freedom in hot QCD medium is of the form,
fg/q(~p, ~r) = f0 g/q + (1± f0 g/q)f1 g/q(~p), (1)
where f0 and f1 denotes the equilibrium and linear order
perturbation to the distribution function, respectively.
Before obtaining the deviation of momentum distribution
function away from equilibrium that encodes the effects
of anomalous transport as well as collisional processes,
adequate modelling of equilibrium distribution functions
for the gluons and quarks has to be considered to in-
corporate the realistic EoS in the analysis. The EQPM
employed in the current analysis interprets the thermal
QCD medium EoS with the non-interacting quasigluons
and quasiquarks/antiquarks with effective fugacities to
map all the medium interactions [40, 41]. The EQPM
momentum distribution functions take the form as fol-
lows,
f0 g/q =
zg/q exp (−βEp)
1∓ zg/q exp (−βEp) , (2)
where Ep =| ~p |≡ p for gluons and Ep =
√
p2 +m2 for
quarks. The physical significance of the effective fugacity
parameter can be understood from the non-trivial energy
dispersion relation,
ωp = Ep + T
2∂T ln(zg/q), (3)
The modified part of the dispersion relation denotes the
collective excitation of quasipartons in the medium. Note
that the mass of light quarks is negligible in the temper-
ature regime far from the transition temperature. The
temperature-dependent effective fugacity parameters are
not associated with any conserved current in the medium
and retain the same form for quarks and antiquarks. In
the limit of vanishing quark chemical potential, the form
of momentum distribution functions of quarks and anti-
quarks are the same [55]. The EQPM modify the kinetic
theory definition of the energy-momentum stress tensor
Tµν and particle four-flowNµ and the authors of Ref. [56]
3realize the mean-field force term from the basic conser-
vation laws.
We choose the following ansatz for the linear order
perturbation f1(~p) for boost invariant longitudinal ex-
pansion of the QGP,
f1 g/p(~p) = −
∆¯1 g/q(~p)
ωpT 2τ
(
p2z −
p2
3
)
. (4)
The quantity ∆¯(~p) captures the strength of momentum
anisotropy in the medium and can be obtained from the
effective linearized transport equation by considering the
one-parameter function form as,
∆¯1 g/q(~p) =
Ag/q|~p|
T
. (5)
The form of ∆¯(~p) have been computed only by consider-
ing the effects of turbulent color fields (Vlasov term only)
in Ref. [38]. The current focus is to incorporate the colli-
sional aspects along with the anomalous contributions to
the momentum distribution functions. The effect of col-
lisional processes in the evolution of distribution function
can be quantified with the collision kernel in the trans-
port equation. From Eq. (4), the leading order correction
to the quark distribution function can be considered as,
f1 q = − Aq|~p|
ωp(T, ~p)T 3τ
(
p2z −
p2
3
)
, (6)
where ω−1p takes the following form in the linear expan-
sion,
ω−1p (T, ~p) ≈
[
1
|~p| −
T 2∂T ln(zq)
|~p|2
]
. (7)
The authors of the Ref. [45] have realized that the leading
order correction due to the effective fugacity to single par-
ticle energy is less than 10% at T = 2.5Tc and observed
considerable agreement in the results of transport coef-
ficients from full numerical coding and from the linear
expansion approximation. Note that we not considering
the subscript for quarks while defining the distribution
function and dispersion relation as the current focus is
on the dilepton production by qq¯ annihilation. Finally,
f1 q takes covariant form as follows,
f1 q = −Aq
T 3
[
1− T
2∂T ln(zq)
|~p|
]
pµpν∆uµν . (8)
Similarly, one can estimate the non-equilibrium correc-
tions to the gluon distribution function in terms of Ag.
The form of Ag,q
Following the same formalism as in Refs. [14, 38], one
can estimate the algebraic equation of Ag,q by taking
the appropriate moment of the transport equation. The
ensemble average Vlasov-Boltzmann equation takes the
form as follows,
vµ
∂
∂xµ
f¯ −FAf¯ + 〈C[f ]〉 = 0, (9)
where f¯ is the ensemble-averaged thermal distribution
of the particles. In our case, f¯ ≡ fg/q as defined in
the Eq. (1). The diffusive Vlasov term characterizes the
contribution from turbulent fields, and the force term
takes the form as,
FAf¯ = g
2Cf
3(N2c − 1)ωg,q
〈E2 +B2〉g,qτm
× L2f0 g/q(1± f0 g/q)pipj∆uij , (10)
with Cf is the Casimir invariant of SU(Nc) gauge theory
and the operator L2 can be defined as,
L2 =| ~p× ∂~p |2 − | ~p× ∂~p |2z . (11)
Here, 〈E2〉 and 〈B2〉 represents the color averaged
chromo-electromagnetic fields and τm measures the time
scale of instability in the medium. The collision ker-
nel 〈C[f ]〉 in the transport equation measures the lead-
ing order contributions from the collisional processes.
The collision integral for the 2 → 2 scattering process
~p,~k → ~p′ ,~k′ is defined as [14, 57],
C[f ] =
1
4Ep
∫
d3~k
(2pi)32Ek
∫
d3~p
′
(2pi)32Ep′
∫
d3~k
′
(2pi)32Ek′
× |M|2(2pi)4δ4(P +K − P ′ −K ′)
×
[
fg/q(~p)fg/q(~k)
(
1± fg/q(~p
′
)
)(
1± fg/q(~k
′
)
)
− fg/q(~p
′
)fg/q(~k)
(
1± fg/q(~p)
)(
1± fg/q(~k)
)]
,
(12)
where |M|2 is the scattering amplitude and P,K, P ′ and
K
′
are the four-momenta of the particles before and after
scattering. The linearized transport equation is a linear
integral equation, and one can employ variational method
by minimizing the linearized Vlasov-Boltzmann equation
to determine ∆¯1 g/q(~p). Following this standard method
as in Refs. [14, 38] leads to the following matrix equation
for the column vector A = {Ag, Aq},
(a˜A + a˜C)A = r˜. (13)
The column vector r˜ takes the form,
r˜ =
{
32
(
N2c − 1
)
Ig5
3pi2
,
32NcNfI
q
5
3pi2
}
, (14)
where Nf is the number of flavors, and the function In
takes the form,
Iqn = −PolyLog[n,−zq], Ign = PolyLog[n, zg], (15)
4for quarks and gluons. The matrices a˜A and a˜C denotes
the anomalous transport and collisional (elastic scatter-
ing processes) contribution of the transport equation.
The matrix a˜A takes the following form,
a˜A =
(
32NcI
g
4Qg
5pi2T 3 0
0
32Nf I
q
4Qq
5pi2T 3
)
, (16)
where Qg/q is defined as,
Qg/q =
g2〈E2 +B2〉g,q
2
τm. (17)
The matrix a˜C can be described as follows,
a˜C = Cc
 7Nc(2Nc+Nf )Ig224pi2zg + Nc(N2c−1)Nf(Ig4+Iq4)zg2pi3(zg+zq) −Nc(N2c−1)Nf(Ig4+Iq4)zg2pi3(zg+zq)
−Nc(N
2
c−1)Nf(Ig4+Iq4)zg
2pi3(zg+zq)
7Nf (2Nc+Nf )I
q
2
24pi2zq
+
Nc(N2c−1)Nf(Ig4+Iq4)zg
2pi3(zg+zq)
 , (18)
where Cc = (N
2
c − 1)g4 log(g−1). The EQPM is based
on the charge renormalization in medium [40], and one
can define an effective coupling αeff by investigating the
Debye screening mass of the QCD medium [45]. Note
that in the leading-log order, we have Cc ≈ 2pi2(N2c −
1)α2eff log(α
−1
eff ), where αeff takes the form,
αeff = αs(T )
(
2Nc
pi2 I
g
2 +
2Nf
pi2 I
q
2
Nc
3 +
Nf
6
)
. (19)
The 2-loop expression for QCD running coupling con-
stant αs(T ) at finite temperature can be defined as [58–
60],
αs(T ) =
6pi
(33− 2Nf ) ln TΛT
(
1−3(153− 19Nf )
(33− 2Nf )2
ln(2 ln TΛT )
ln TΛT
)
,
(20)
with QCD scale fixing parameter can be defined from
the MS scheme such that ΛT =
exp(γE+1/22)
4pi ΛMS , where
γE = 0.5772156 and the renormalization scale ΛMS =
1.14 Tc [41]. The algebraic forms of Ag and Aq can be
obtained by solving Eq. (13) using Eqs. (14), (16) and
(18) and have the following forms,
Ag =
1280pi
(
N2c − 1
) (
N2cNfI
q
5 φ0 + I
g
5 φ1
)
Nc
(
−Nc(N2c − 1)2Nfφ20 + φ1φ2
) , (21)
and
Aq =
1280pi
(
(N2c − 1)2Ig5 φ0 +NcIq5 φ2
)
−Nc(N2c − 1)2Nfφ20 + φ1φ2
. (22)
The quantities φ0, φ1 and φ2 are defined as folllows,
φ0 = 60Cc
(
Ig4 + I
q
4
) zg
zg + zq
,
φ1 = Nc(N
2
c − 1)φ0 +
35piCcI
q
2 (2Nc +Nf )
zq
+
768piQqI
q
4
T 3
,
φ2 = (N
2
c − 1)Nfφ0 +
35piCcI
g
2 (2Nc +Nf )
zg
+
768piQgI
g
4
T 3
.
It is important to emphasize that the the expressions of
Ag and Aq reduce to the results of Ref. [14, 54] in the
absence of collisions, a˜C = 0.
Next, by employing these non-equilibrium distribution
functions, we study the thermal dilepton production from
hot QCD medium.
III. THERMAL DILEPTON PRODUCTION
RATE
Thermal dileptons produced in the QGP medium has
major contributions from the qq¯ annihilation process,
qq¯ → γ∗ → l+l−. The rate of dilepton production for
this process in terms of quark distribution function can
be defined as [61],
dN
d4xd4p
=
∫
d3~p1
(2pi)3
d3~p2
(2pi)3
M2g2dσ(M
2)
E1E2
×f(~p1)f(~p2)δ4(p− p1 − p2). (23)
Note that the subscript q for the distribution function is
dropped from this section as the focus is only on the qq¯
annihilation process, i.e., fq(~p) ≡ f(~p) and is described in
Eq. (1). Here, the quantity M2 = (E1 +E2)
2− (~p1 +~p2)2
is the invariant mass of the virtual photon and gd is the
degeneracy factor. The quantity p1,2 = (E1,2, ~p1,2) rep-
resents the 4-momenta of the quark and antiquark re-
spectively and p = (p0 = E1 + E2, ~p = ~p1 + ~p2) is the
4-momentum of the dilepton pair. If the quark masses are
neglected, we can write E1,2 =
√
~p21,2 +m
2 ≈ |~p1,2|. The
term σ(M2) is the thermal dilepton production cross sec-
tion. With Nf = 2 and Nc = 3, we have M
2g2dσ(M
2) =
80pi
9 α
2 [22]. The relative velocity of the quark-antiquark
pair is given by vrel =
√
M2(M2−4m2)
4E21E
2
2
' M22E1E2 . with
g being the degeneracy factor. We are interested in the
regime in which invariant masses are larger than the tem-
perature, M >> T . Hence we can approximate the
Fermi-Dirac distribution by that of classical Maxwell-
Boltzmann distribution i.e., f0(~p) w zqe−E/T . Under
this approximation, the quark (antiquark) distribution
5function, described by Eq. (1) and Eq. (8), becomes:
f(~p) w zqe−E/T [1− χ(~p, T )pµpν∆uµν ] ; (24)
where the quantity χ(~p, T ) represents,
χ(~p, T ) =
Aq
T 3
[
1− T
2∂T ln(zq)
|~p|
]
. (25)
Keeping the terms only upto quadratic order in mo-
menta, the dilepton production rate takes the form as
follows,
dN
d4xd4p
=
∫
d3~p1
(2pi)3
d3~p2
(2pi)3
M2g2dσ(M
2)
2E1E2
× [1− 2χ(~p, T ) pµpν∆uµν ]
×f0(~p1)f0(~p2) δ4(p− p1 − p2)
=
dN0
d4xd4p
+
dNχ
d4xd4p
; (26)
where the equilibrium contribution to dilepton produc-
tion takes the form [31]
dN0
d4xd4p
=
∫
d3~p1
(2pi)6
z2qe
−(E1+E2)/TM
2g2dσ(M
2)
2E1E2
×δ(p0 − E1 − E2)
= z2q ×
1
2
M2g2dσ(M
2)
(2pi)5
e−p0/T . (27)
Using Eq. (7), (25) in (26), we write the collisional term
contribution to the dilepton production rate as,
dNχ
d4xd4p
= −2
∫
d3~p1
(2pi)6
z2qe
−(E1+E2)/TM
2g2dσ(M
2)
2E1E2
×Aq
T 3
[
1− T
2∂T ln(zq)
|~p|
]
pµpν∆uµν
×δ(p0 − E1 − E2)
= −Iµν(p)∆uµν ; (28)
where,
Iµν(p) = 2
∫
d3~p1
(2pi)6
z2qe
−(E1+E2)/TM
2g2dσ(M
2)
2E1E2
×Aq
T 3
[
1− T
2∂T ln(zq)
|~p|
]
pµ1p
ν
1
×δ(p0 − E1 − E2). (29)
The most general form of the second rank tensor can be
constructed using the matrix ηµν , uµ and pµ. Consider-
ing the local rest frame (LRF) of the fluid, Iµν(p) can be
decomposed as
Iµν(p) = a0η
µν + a2p
µpν . (30)
Note that, since ηµν∆uµν = 0, only the coefficient a2
survives when Eq. (30) is contracted with ∆uµν . More-
over, we construct a projection operator Pµν such that
a2 = PµνI
µν . The form of Pµν in LRF can be obtained
as
Pµν = − 1
2|~p|2
(
ηµν − 3pµpν|~p|2
)
. (31)
Incorporating these steps, the non-equilibrium contribu-
tion to dilepton rate takes the form as follows,
dNχ
d4xd4p
= a2 p
µpν∆uµν =
{
PαβI
αβ
}
pµpν∆uµν .(32)
Employing Eq. (29) and Eq. (31) we have,
PαβI
αβ =
2Aq
T 3
∫
d3~p1
(2pi)6
z2qe
−(E1+E2)/TM
2g2dσ(M
2)
2E1E2
×
{
−|~p1|
2
2|~p|2 +
3
2
(p · p1)2
|~p|4
}
× [p1 + T 2∂T ln(zq)] δ(p0 − E1 − E2)
= −1
2
Aq
T 3|~p|5 [M +N ], (33)
where M and N can be defined as,
M =
∫
dp1
(2pi)5
z2qe
−(E1+E2)/TM2g2dσ(M
2)
×
[
(3p20 − |~p|2)|~p1|2 +
3
4
M4 − 3p0M2|~p1|
]
=
dN0
d4xd4p
4
3
|~p|5,
and
N = −T 2∂T ln(zq)
∫
dp1
(2pi)5
z2qe
−(E1+E2)/TM2g2dσ(M
2)
×
[
(3p20 − |~p|2)|~p1|+
3
4
M4
|~p1| − 3p0M
2
]
= − dN0
d4xd4p
2T 2∂T ln(zq)
×
[
(2|~p|2 − 3M2)p0|~p|
2
+
3
4
M4 ln
(
p0 + |~p|
p0 − |~p|
)]
,
(34)
respectively. Thus, we obtain the collisional term contri-
bution to the dilepton rate as,
dNχ
d4xd4p
=
dN0
d4xd4p
pµpν∆uµν
Aq
T 3
{
T 2∂T ln(zq)
1
|~p|5
[
(2|~p|2 − 3M2)p0|~p|
2
+
3
4
M4 ln
(
p0 + |~p|
p0 − |~p|
)]
− 2
3
}
. (35)
6The above calculations are done in the local rest frame of
the medium. Hence in a general frame with 4−velocity
uµ, these results become
dN0
d4xd4p
= z2q ×
1
2
M2g2dσ(M
2)
(2pi)5
e−(u·p)/T , (36)
dNχ
d4xd4p
=
dN0
d4xd4p
pµpν∆uµν [P +R], (37)
with
P =− 2Aq
3T 3
,
R =
Aq
T
∂T ln(zq)
(−pµpν∆uµν)2
{
(u · p)
2
[−2pµpν∆uµν − 3M2]
+
3
4
M4√−pµpν∆uµν ln (u · p) +
√−pµpν∆uµν
(u · p)−√−pµpν∆uµν
}
.
Next, we proceed to calculate the dilepton production
rate by switching off the collisional effects in the medium
by employing the following ansatz for the linear pertur-
bation of the distribution function,
f1 = −Aq
T 3
pµpν∆uµν , (38)
where,
Aq =
20
9
CfNcT
3
(N2c − 1)qˆ
Iq5
Iq4
, (39)
with Cf =
N2c−1
2Nc
for quarks and qˆ as the jet quench-
ing factor that can be related to the quantity 〈E2 +
B2〉τm [13]. Following a similar procedure, we can obtain
the non-equilibrium contribution (without collisional ef-
fects) to the dilepton production rate as,
dNχ
d4xd4p
= − dN0
d4xd4p
2Aq
3T 3
pµpν∆uµν . (40)
The total dilepton production rate for this case is ob-
tained by adding the expressions Eq. (40) and Eq. (36),
dN
d4xd4p
=
dN0
d4xd4p
[
1− 2Aq
3T 3
pµpν∆uµν
]
. (41)
IV. THERMAL DILEPTON YIELD FROM
EXPANDING QGP
Dilepton yield from QGP in heavy-ion collisions can
be studied by obtaining the temperature profile of the
system. This can be done by modelling the expan-
sion of QGP using relativistic hydrodynamics. We
employ the longitudinal boost invariant flow model of
Bjorken to study the expansion of the system. In
this model, the coordinates are parametrized as t =
τ cosh ηs and z = τ sinh ηs, where, τ =
√
t2 − z2, is
the proper time and ηs =
1
2 ln
[
t+z
t−z
]
is the space-
time rapidity of the system and the fluid 4−velocity
is expressed as uµ = (cosh ηs, 0, 0, sinh ηs) [62]. Now,
four dimensional volume element is given by d4x =
piR2Adηsτdτ , where RA = 1.2A
1/3
a is the radius of the
nucleus used for collision (for Au, Aa = 197). The
4−momentum of the dilepton can be parametrized as
pα = (mT cosh y, pT cosφp, pT sinφp,mT sinh y), where
m2T = p
2
T + M
2. Also, the factors appearing in the rate
expression under Bjorken expansion can be now calcu-
lated as
u · p = mT cosh(y − ηs), (42)
pµpν∆uµν = −1
τ
[
M2
3
+m2T sinh
2(y − ηs)
]
. (43)
Now, we write the dilepton yields corresponding to dif-
ferent differential rates in terms of the invariant mass M ,
transverse momentum pT and rapidity y of the dileptons
produced,
dN
dM2d2pT dy
= piR2A
∫ τf
τ0
dτ τ
∫ ∞
−∞
dηs
1
2
dN
d4xd4p
,
dN
pT dpT dMdy
= (4piM)piR2A
∫ τf
τ0
dτ τ
∫ ∞
−∞
dηs
1
2
dN
d4xd4p
.
By using Eq. (26), we write the desired dilepton yield as,
dN
dM2d2pT dy
=
dN0
dM2d2pT dy
+
dNχ
dM2d2pT dy
. (44)
The equilibrium contribution to the dilepton yield after
ηs integration is obtained as,
dN0
dM2d2pT dy
= piR2A
1
2
M2g2dσ(M
2)
(2pi)5
×
∫ τf
τ0
dτ z2qτK0(mT /T ). (45)
Here, Kn is the modified Bessel function of second kind.
Now, the non-equilibrium contribution to the dilepton
yield can be simplified as,
dNχ
dM2d2pT dy
=piR2A
1
2
M2g2dσ(M
2)
(2pi)5
∫ τf
τ0
dτ z2qAq
×
[
2T (T )
3T 3
− ∂T ln(zq)
2T
∫ ∞
−∞
dηs E (T, ηs)
]
,
(46)
with
T (T ) =
M2
3
K0(mT /T ) + TmTK1(mT /T ), (47)
and
7E (T, ηs) =
e−mT /T cosh(y−ηs)
[p2T +m
2
T sinh
2(y − ηs)]2
{
M2
3
+m2T sinh
2(y − ηs)
}[{
[p2T +m
2
T sinh
2(y − ηs)]− 3
2
M2
}
mT cosh(y − ηs)
+
3
4
M4√
p2T +m
2
T sinh
2(y − ηs)
ln
mT cosh(y − ηs) +
√
p2T +m
2
T sinh
2(y − ηs)
mT cosh(y − ηs)−
√
p2T +m
2
T sinh
2(y − ηs)
]. (48)
The total dilepton yield in the presence of collisional
terms can be calculated by numerically integrating the
expressions Eq. (45) and Eq. (46) along with the tem-
perature profile of the expanding plasma.
Further, for comparison, we calculate the dilepton
yield without the collisional correction term. From
Eq. (41), the non-equilibrium contribution to the dilep-
ton yield for this case is obtained as,
dNχ
dM2d2pT dy
= piR2A
1
2
M2g2dσ(M
2)
(2pi)5
×
∫ τf
τ0
dτ z2q
2Aq
3T 3
T (T ), (49)
where T (T ) is defined in Eq. (47).
V. RESULTS AND DISCUSSIONS
We obtain the temperature profile of the system by
solving the hydrodynamical equations with initial con-
ditions relevant to RHIC energies. The initial time and
temperature are taken to be τ0 = 0.5 fm/c and T0 =
300MeV respectively. The energy dissipation equation
governing the longitudinal expansion of the plasma is
given by [62] ddτ +
+P
τ = 0. We chose the recent lat-
tice QCD EoS [63] in the current analysis. This hydro-
dynamic equation is solved to obtain an expression for
T (τ). The above hydrodynamic equation is solved to
obtain T (τ); and we note that the system reaches the
critical temperature Tc at a time τf = 5.4 fm/c. Now,
we calculate the dilepton yields by numerically integrat-
ing the rate expressions obtained in the previous section
with the temperature profile T (τ). We carry out the in-
tegration from τ0 to τf . The yields are presented for the
midrapidity region of the dileptons, i.e., for y = 0.
Fig. 1 shows the dilepton yields in presence of colli-
sional terms as a function of transverse momentum pT
for M = 1 GeV. The yields are plotted for different val-
ues of the jet-quenching parameter, qˆ/T 3 ≡ Q. It is
observed that the presence of collisional terms increases
the dilepton yield considerably, compared to the equi-
librium case, represented by δf = 0, throughout the pT
regime. Note that, with Q = 10, there is an increase
of ∼ 26% at pT = 0.5 GeV and ∼ 92% at pT = 2.5
GeV for M = 1 GeV. The increase in the dilepton yield
is notably high for large invariant masses. For e.g., at
δf=0
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FIG. 1. Thermal dilepton yields in the presence of collisional
terms for different values of Q ≡ qˆ/T 3 and for invariant mass
M = 1 GeV. Equilibrium contribution to the dilepton yield
(δf = 0) is also plotted for comparison.
pT = 1.5 GeV and with Q = 20, we observe ∼ 15%
increase in the yield for M = 0.5 GeV; while, for the
same parameters, we observe ∼ 84% increase for M = 2
GeV. It can be noted that the contribution due to col-
lisional terms decreases with the increase of qˆ/T 3. For
M = 1 GeV and at pT = 1.5 GeV, we observe ∼ 55%
enhancement in the yield with Q = 10 and ∼ 18% with
Q = 30. These trends are the same as those observed
in the case of collisionless hot QCD medium in the pres-
ence of chromo-turbulent fields [38]. The enhancement is
more prominent in the high pT regime, which indicates
that these non-equilibrium effects are more dominant at
high pT . This is due to the fact that high pT particles
are produced predominantly during the initial stages of
QGP evolution. We observe a marginal difference in the
yields even at low pT , which is indicative of the fact that
these effects remain significant throughout the evolution
of the plasma.
Now, we study the strength of these collisional effects
to the equilibrium dilepton yield by constructing a ratio
as given below,
RPT =
[
1 +
dNχ
dM2d2pT dy
/
dN0
dM2d2pT dy
]
. (50)
Fig. 2 shows RPT as a function of transverse momentum
for various values of Q. We observe that the collisional
contributions are negligible at low pT . As expected, we
observe a gradual increase in the contributions as we
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FIG. 2. Strength of collisional terms to the equilibrium dilep-
ton yield for various values of Q with invariant mass M = 0.5
GeV.
move towards high pT . This trend remains the same for
all values of M . Also, these corrections decrease as we
increase the value of Q. For M = 0.5 GeV, the contribu-
tion is less than 50% upto pT = 2 GeV for all values of
Q. For Q = 20, the contribution varies from ∼ 25% to
∼ 40% for pT values 2 to 3 GeV.
Next, we compare the dilepton yields obtained for col-
lisional and anomalous corrections in Fig. 3. In doing
so, we plot the yields for different M values while fixing
Q = 30. Though the non-equilibrium collisional effects
on spectra are significant, it is found to be lesser com-
pared to that of the anomalous transport. At pT = 2.5
GeV, we observe ∼ 5% decrease in the collisional contri-
bution for M = 1 GeV. It is observed that this suppres-
sion in spectra increases with invariant mass. For e.g.,
at pT = 0.5 GeV, the suppression is ∼ 6.5% for M = 0.5
GeV, while it is ∼ 9% for M = 1.5 GeV. It is also seen
that this difference is more significant for lower pT val-
ues. We note that the suppression found for pT > 2 GeV
is less than ∼ 6% for all values of M .
Fig. 4 shows the dilepton yields for collisional and
anomalous corrections as a function of transverse mo-
mentum for M = 2 GeV and various Q values. As seen in
the previous case, we observe a decrement in the anoma-
lous spectra over the entire pT for all Q ≡ qˆ/T 3 values.
It is to be noted that this suppression is clearly observed
for lower pT and Q. For Q = 20, the suppression in the
spectra is ∼ 11% at pT = 0.5 GeV and at pT = 2.5 GeV,
it reduced to ∼ 7%. We observe a decrease of ∼ 12%
and ∼ 7% with pT = 1.5 GeV for Q = 10, 30 respec-
tively. Our analysis indicates that the effects of collisional
terms are nominal compared to the collisionless anoma-
lous transport case. This is in line with the argument
of Ref. [14] that the 2 → 2 elastic collisions have only
marginal contributions to transport coefficients as com-
pared to that from the turbulent chromo fields described
through effective Vlasov-Boltzmann equation.
In the present analysis, the collisional corrections to
the thermal dilepton spectra are calculated using (1 +
1)−D Bjorken flow. It is to be noted that, in general, the
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FIG. 3. Thermal dilepton yields in the presence of collisional
and anomalous corrections with Q = 30, for different values
of M .
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FIG. 4. Thermal dilepton yields in the presence of collisional
terms for different values of Q ≡ qˆ/T 3 and for invariant mass
M = 2 GeV. The dotted lines indicate yields from the anoma-
lous transport only.
Bjorken model tends to overestimate the particle produc-
tion yields as the evolution time of the QGP is high com-
pared to a three-dimensional flow. Moreover, apart from
the dominant source considered, there are other higher-
order processes that can also contribute to the thermal
dilepton production [64–66]. A quantitative study of col-
lisional term correction to the spectra can be done by
employing a (2 + 1)−D hydrodynamic flow and also in-
cluding contributions from radiative processes/inelastic
collisions. This will be taken up for explorations in the
near future.
VI. CONCLUSION AND OUTLOOK
In conclusion, we have estimated the thermal dilepton
production rate while incorporating the collisional effects
of the QGP medium along with the anomalous contribu-
tions. We have employed an effective Vlasov-Boltzmann
equation to describe the dynamics of the medium in the
presence of turbulent fields. The Vlasov term of the
transport equation describes the evolution of distribu-
9tion function with turbulent chromo-fields, whereas the
collision kernel quantifies the effects of collisional pro-
cesses in the rate of change of distribution function. The
non-equilibrium part of the quark (antiquark) momen-
tum distribution function is computed by solving the
transport equation within EQPM to incorporate the hot
QCD medium effects via temperature dependent effec-
tive fugacity parameters. We have analyzed the effect
of these non-equilibrium corrections in thermal dilepton
production from qq annihilation. The effects of the col-
lisional processes in the presence of turbulent fields to
the dilepton production rate are quantified in the case of
(1 + 1)−D boost invariant expansion of the medium in
the heavy-ion collision scenario.
The non-equilibrium effects are found to have a visi-
ble impact on the dilepton spectra. The collisional cor-
rections significantly enhance the equilibrium dilepton
spectra throughout the pT regime. Collisional effects
in the dilepton production rate and yield are seen to
have a strong dependence on the jet-quenching parameter
(Q ≡ qˆ/T 3). Notably, the non-equilibrium contributions
to the spectra are higher at small qˆ/T 3 values. Further,
we have analyzed the dependence of invariant mass M
to the collisional corrections to the dilepton production
rate. In addition to this, the interplay of collisional pro-
cesses and anomalous transport in the QGP medium is
analysed through its strength on the dilepton production
rates. The inclusion of collisional terms in the presence
of chromo-turbulent fields suppressed the yield contri-
bution from collisionless anomalous transport; and the
difference is found to be more prominent in the low pT
regime of the spectra.
We intend to study the impact of collisional processes
with both shear and bulk viscous effects on thermal dilep-
ton spectra in heavy-ion collisions by employing a (2+1)-
D hydrodynamical expansion of the system in the near
future. Investigating the dilepton production rate in the
magnetized QGP is another interesting direction to focus
while utilizing the effective models for hot magnetized
QCD medium [67]. We leave these aspects for future
works.
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